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We investigate the effect of dissipation in a Bose-Josephson junction (BJJ) coupled to bath of
bosons at two sites. Apart from the dynamical transition due to repulsive interactions, the BJJ
undergoes a quantum phase transition by increasing the coupling strength with the bath modes.
We analyze this system by mapping to an equivalent spin model coupled to the bosonic modes. The
excitation energies and fluctuation of number imbalance are obtained within Holstein-Primakoff
approximation, which exhibit vanishing of energy gap and enhanced quantum fluctuations at the
critical coupling. We study the dynamics of BJJ using time dependent variational method and
analyze stability of different types of steady states. As a special case we study in details the phase
space dynamics of BJJ coupled to a single mode, which reveals diffusive and incoherent behaviour
with increasing coupling to the bath mode. The dynamical steady states corresponding to the Pi-
oscillation and self-trapped state become unstable in the region where their oscillation frequencies
are in resonance with the bath modes. We investigate the time evolution of number imbalance and
relative phase in presence of Ohmic bath with Gaussian noise to incorporate thermal fluctuations.
Apart from damping of Josephson oscillations and transition to symmetry broken state for strong
coupling we observe decay of Pi-oscillation and self-trapped state to the ground state as a result of
dissipation. Variation of phase fluctuation with temperature of the bath shows similar behaviour as
observed in experiment. Finally we discuss the experimental setup to study the observable effects
of dissipation in BJJ.
I. INTRODUCTION
Quantum dissipation is well studied subject in con-
densed matter physics which describes various interesting
effects in different quantum systems arising from its cou-
pling to the environment[1]. In recent years, the study of
quantum dissipation in ultracold quantum gases attracts
much attention due to the presence of various loss pro-
cesses affecting the coherence properties of the matter
wave and to investigate dynamics of such open quantum
system[2]. Also ultracold atomic system has become a
testbed to study interplay between interaction and dissi-
pation in a quantum many body system out of equilib-
rium [3, 4]. Apart from dephasing and relaxation dynam-
ics, the combined effect of interaction and dissipation in
open quantum systems can give rise to non-equilibrium
steady states and transition between them[5, 6]. Bose
Josephson junction (BJJ) is an ideal system where both
the effects of interaction and dissipation can be studied
from the phase coherent collective dynamics[7]. In exper-
iments, Bose Josephson junction can be created by coher-
ently coupling two Bose-Einstein condensates (BEC) in
double well trap[8, 9]. Due to the inter particle interac-
tion, the BJJ exhibits different types of oscillations[10]
and dynamical transition between them, which has been
observed experimentally[11]. Most remarkable phenom-
ena is the appearance of ‘self-trapped’ state above a crit-
ical strength of repulsive interaction where the symmetry
between two condensates of the BJJ is broken and a num-
ber imbalance between them is spontaneously generated
[9]. Unlike quantum phase transition of the ground state,
this ‘self-trapped’ state represents a dynamically stable
broken symmetry steady state arising due to repulsive
inter particle interaction[10, 12]. Dissipation originat-
ing from finite temperature effects, coupling to quasi-
particles and interaction with environment can lead to
dephasing and decoherence in BJJ. Diffusion of relative
phase plays a crucial role in controlling coherence in
Josephson dynamics. Phase diffusion and heating effect
in a BJJ due to thermal fluctuations has already been
observed in experiment[13]. To understand dephasing
in BJJ, thermal and quantum fluctuations[14] as well as
other dissipative processes have been studied within phe-
nomenological models which gives rise to more complex
dynamical behaviour[15–19]. Also the dissipative dynam-
ics of BJJ in the presence of quasi-particle excitations has
been studied theoretically[20, 21]. Josephson oscillation
in presence of phenomenological damping term exhibits
interesting non-linear dynamics[22].
Following the seminal work of Caldeira and
Leggett[23], dissipation can be treated at the mi-
croscopic level by coupling the quantum system to
external reservoir. In a similar manner, dissipation
in two level system is introduced in well known ‘spin-
boson’ model exhibiting rich dynamical behaviour and
quantum phase transition[1, 24]. In the experiments on
ultracold atomic system, the thermally excited atoms
constitute a heat bath in a natural way giving rise to
dissipation. There is proposal to realize ‘spin-boson’
model by coupling a micro-trap with the bath of phonon
excitations of an elongated condensate[25]. Effect
of quantum dissipation on tunneling rate has also
been observed experimentally[26]. Moreover, impurity
models can be realized in ultracold atomic system by
coupling the impurity atom with the phonon bath of
condensate[27]. Due to the tunability in cold atomic
systems, it is possible to engineer the bath modes and
their spectral properties. Presence of thermal atoms
and phonon baths are natural source of dissipation to
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2the dynamics of BJJ formed by two weakly coupled
condensates. Moreover, by coupling the condensates
with finite cavity modes opens up the possibility to
study more complex dynamics[28]. In this work we
follow the Caldeira-Leggett like approach to incorporate
dissipation in BJJ by coupling it to heat baths. The
ground state, excitations and fate of various oscillatory
modes in presence of dissipation are main focus of the
present study.
Within tight binding approximation, the Bose-
Josephson junction is simply described by a two
site Bose-Hubbard model(BHM) with on-site
interactions[29]. To study the dissipative effects in
BJJ, in this work we consider a two-site BHM coupled
to two reservoirs described by the Hamiltonian,
H = −J(a†LaR + a†RaL) +
U
N
[nˆL(nˆL − 1) + nˆR(nˆR − 1)]
+ HIL +HIR +HBL +HBR. (1)
The total Hamiltonian H consists of three parts, first
part describes a two site BHM where the sites are de-
noted by L(left) and R(right), aL/R, nˆL/R are boson an-
nihilation and number operators in respective sites, J is
the hopping amplitude between two sites and U is on-site
interaction strength. Total number of bosons in BJJ is
N , and the interaction strength U is scaled by the num-
ber of particles in order to maintain the extensivity of
energy. Other parts of H describe the bosonic baths and
their coupling with two different sites of the BHM. Here
we consider simple non-interacting bosonic baths with
linear coupling to density operators at respective sites
described by the Hamiltonians,
HBi =
∑
k
~ωkb†ikbik, (2)
HIi =
∑
k
λik√
N
nˆi(b
†
ik + bik) (3)
where the site index is i = L,R, bik is bosonic annihi-
lation operator of ith bath with momentum k and en-
ergy ~ωk. Above Hamiltonian describes a very general
model of dissipative two site BHM where total number
of bosons N in two sites remains conserved. For different
values ofN , this model is equivalent to a generalized spin-
boson model with spin N/2 coupled to bosonic bath. For
N = 1, above Hamiltonian reduces to well known spin
boson model[24] where spin up(down) state corresponds
to single boson in L(R) site. For sufficiently large number
of particles N  1, the two site BHM describes a BJJ
with phase coherent dynamics. However the influence of
bath on phase coherence and oscillation modes of BJJ are
relevant issues which are addressed in the present work.
This paper is organized as follows. In section II we
analyze the model semi-classically for N  1 to obtain
ground state, collective excitations and quantum fluctua-
tions which reveals quantum phase transition in BJJ due
to dissipation. The dynamics of BJJ within time depen-
dent variational approach and the steady states and their
stability in presence of bath modes are presented in sec-
tion III. Next in section IV, we study the dynamics of
BJJ coupled to a single bosonic mode. Dissipative dy-
namics and thermal fluctuations in the presence of Ohmic
bath are discussed in section V. Finally in section VI, we
summarize the results and discuss possible experiments
to observe the effects of dissipation.
II. QUANTUM PHASE TRANSITION IN
DISSIPATIVE BJJ
To analyze the ground state and excitations of the
dissipative BJJ coupled to the heat bath, we simplify
the model given in Eq.1. Two site Bose-Hubbard model
with fixed number of bosons can be written as a spin
Hamiltonian using the Schwinger boson representation,
Sˆx = a
†
LaR + a
†
RaL and Sˆz = nˆL − nˆR, with magni-
tude of total spin S = N/2. Resulting spin Hamiltonian
HBJJ = −JSˆx + U2S Sˆ2z with anti-ferromagnetic inter-
action for U > 0 describes the BJJ within tight bind-
ing approximation[29]. Various interesting properties
of this Hamiltonian related to many-body states, semi-
classical spectrum and quantum dynamics have been ex-
plored theoretically[19, 30–36]. To simplify the model
further, we consider a linear shift of the bath modes
b˜ik = bik −
√
2Sλik
2~ωk followed by an unitary transforma-
tion of the bosonic operators,
bk =
λRk
λk
bRk − λLk
λk
bLk
Bk =
λLk
λk
bRk +
λRk
λk
bLk (4)
where λk =
√
λ2Lk + λ
2
Rk. Under this transformation,
one of the bath modes Bk decouple and the original
Hamiltonian (Eq.1) of two site BHM in presence of two
heat baths reduces to a spin system coupled to one
bosonic bath described by the Hamiltonian,
H =−JSˆx + U
2S
Sˆ2z −
γ−
2
Sˆz
+
Sˆz
2
√
N
∑
k
λk(bk + b
†
k) +
∑
k
~ωkb†kbk, (5)
where we define important parameters of the system aris-
ing from the coupling with two heat baths,
γ± =
∑
k
(λ2Rk ± λ2Lk)/~ωk. (6)
In above Hamiltonian, a new term γ−2 Sˆz related to num-
ber imbalance in two sites is generated due to unequal
coupling to two bosonic baths. In rest of the paper, we
scale all energies by J and time by ~/J by setting J = 1.
For S = N/2  1, we analyze the spin model in Eq.5
semi-classically where 1/S becomes a small parameter.
We consider a rotation of coordinate in the x−z plane at
3an angle θ with the z axis so that the classical spin vector
~˜S in the rotated frame is aligned along the z-axis. Under
this rotation, the components of the spin are related by,
Sˆz =
ˆ˜Sz cos θ − ˆ˜Sx sin θ (7)
Sˆx =
ˆ˜Sx cos θ +
ˆ˜Sz sin θ. (8)
Using Holstein-Primakoff (HP) transformation[37], the
spin operators along the classical spin vector can be rep-
resented by,
ˆ˜Sz = S − a†a (9)
ˆ˜S+ =
√
(2S − a†a)a, ˆ˜S− = a†
√
(2S − a†a) (10)
where ˆ˜S± =
ˆ˜Sx ± ı ˆ˜Sy. For large spin, the operators and
the Hamiltonian can be expanded in 1/S. After sub-
stituting Eq.10 and Eq.8 in the Hamiltonian (Eq.5), we
eliminate the linear terms of the bath modes by the trans-
formation ck = bk +
λ
4~ω
√
2S cos θ. Finally the Hamilto-
nian can be written systematically in descending orders
in total spin S,
H = SH0 +
√
SH1 +H2 +O(1/
√
S) (11)
where higher order terms in 1/S are neglected. The first
term H0 corresponds to the energy of the classical spin,
H0 = −J sin θ + U
2
cos2 θ − γ−
2
cos θ − γ+
8
cos2 θ. (12)
Here last two terms in the classical energy are generated
due to the coupling with the bosonic bath. Elimination
of bath degrees of freedom generates an effective ferro-
magnetic interaction term in the classical Hamiltonian
which competes with the anti-ferromagnetic interaction
due to repulsive interaction U and gives rise to a quantum
phase transition. In this section we consider the model
in absence of asymmetry, γ− = 0, to understand sym-
metry breaking related to quantum phase transition and
dynamical transition. The asymmetric coupling γ− acts
as an additional magnetic field which changes the nature
of the transition which is briefly discussed in next section.
Extremizing the classical energy gives possible solutions,
cos θ = 0 or sin θ = −J/U˜ , where U˜ = U − γ+/4. When
U˜ > 0, the spin interaction is anti-ferromagnetic and
cos θ = 0 corresponds to the ground state with no net
magnetization along the z-axis. However sin θ = J/U˜
represents a dynamical steady state for U˜ > J known
as self-trapped state[10] which will be discussed in the
next section. On the other hand for strong coupling
with the bath, when γ+ > 4U , ferromagnetic interac-
tion dominates and sin θ = J/|U˜ | describes the symme-
try broken ground state with non vanishing magnetiza-
tion cos θ = ±
√
1− (J/|U˜ |)2 (equivalently a number im-
balance between two condensates). The bifurcation in
imbalance fraction z = (nL − nR)/N = cos θ as shown
in Fig.1(a) represents the quantum phase transition and
the system chooses one of the branches with z 6= 0 above
the transition.
The term H1 proportional to
√
S in the Hamiltonian
vanishes for the above values of θ corresponding to the
ground state and the steady states. The last term H2
describes the fluctuations around the ground state which
can be written as,
H2 =a
†a+ ∆(a2 + a†2) +
∑
k
λ˜k(a+ a
†)(ck + c
†
k)
+
∑
k
~ωkc†kck + ∆, (13)
Where we define the constants in terms of θ,
 =
J
sin θ
+
U
2
sin2 θ (14)
∆ =
U
4
sin2 θ (15)
Above Hamiltonian describing the fluctuations is simi-
lar to the ‘Caldeira-Leggett’ model of harmonic oscil-
lator where the excitations of spin system are coupled
to the effective bath modes. Since H2 is quadratic in
bosonic operators, it can be diagonalized by unitary
transformations[38, 39],
aα =
∑
β
Aαβqβ + A¯αβq
†
β (16)
where we denote the original bosonic operators by aα =
(a, ck), Aαβ , and A¯αβ are elements of complex matrices
ensuring the canonical commutation relations between
new bosonic operators, [qβ , q
†
β′ ] = δβ,β′ . In terms of these
new operators qβ , q
†
β , the Hamiltonian can be written in
diagonal form,
H2 =
∑
β
Eβq†βqβ + ε0, (17)
where the excitation energies are given by Eβ and ε0 is
the correction to the ground state energy due to quantum
fluctuation. We follow the standard procedure to obtain
new operators and excitation spectrum as outlined in [38,
39]. Using Eq.16 and Eq.17, we obtain,∑
β
(−AαβEβqβ + A¯αβEβq†β) = [H2, aα], (18)
where the right hand side commutator can be calculated
from the original Hamiltonian given in Eq.13 and then
it can be written in terms of qβ ,q
†
β using Eq.16. Finally
equating the coefficients of the operators qβ and q
†
β , both
sides of the Eq.18 yields following set of equations,
(Eβ − 0)A0β = 2∆A¯?0β +
∑
k λ˜k(Akβ +A
?
kβ) (19a)
(Eβ + 0)A¯0β = −2∆A?0β −
∑
k λ˜k(A¯kβ +A
?
kβ)(19b)
(Eβ − ~ωk)Akβ = λ˜k(A0β + A¯?0β) (19c)
(Eβ + ~ωk)A¯kβ = −λ˜k(A¯0β +A?0β). (19d)
4Where we have defined λ˜k = −λk sin θ/4. Solving these
eigenvalue equations,the excitation energies can be ob-
tained from,
E2β = 20 − 4∆2 + 4(0 − 2∆)
∑
k
λ˜2k~ωk
E2β − ~2ω2k
(20)
where the parameters  and ∆ depends on the steady
states obtained from the minimization of classical energy
H0. Corresponding to a given eigenvalue, the transfor-
mation matrix elements are given by,
A0β = (Eβ + 0 − 2∆)Nβ (21a)
A¯0β = −(Eβ − 0 + 2∆)Nβ (21b)
Where the normalization constant is,
Nβ = 1√
4(0 − 2∆)Eβ
(
1+
∑
k
4~ωkλ˜2k
(0 − 2∆)
(E2β − ~2ω2k)2
)− 12
.
(22)
Other elements Akβ and A¯kβ can be obtained from the
relation Eq.19c,Eq.19d. For weak coupling to the bath
modes, the classical spin is aligned along the x axis and
the ground state corresponds to sin θ = 1. By increas-
ing the coupling strength γ+, it is evident from Eq.20
that the lowest excitation energy vanishes at a critical
coupling strength,
γ+c/4 = J + U (23)
which signifies the instability of the ground state. Fur-
ther increasing the coupling γ+, the system chooses a
new symmetry broken ground state described by sin θ =
J/(γ+/4 − U) and appearance of energy gap ensures its
stability(see Fig.1(c) and Fig.1(d)). From the minimiza-
tion of classical energy and vanishing of energy gap as
shown in Fig.1(c) and Fig.1(d), it is evident that the
BJJ undergoes a quantum phase transition at a criti-
cal coupling with the bosonic bath given in Eq.23. This
unique phenomena in BJJ and appearance of ground
state with number imbalance results from coupling with
the bosonic bath modes. In spin-boson model, a similar
ferromagnetic transition occurs by coupling a single spin
with bosonic bath modes, however nature of such tran-
sition crucially depends on the spectral properties of the
bath[40]. In absence of any asymmetry, γ− = 0, BJJ un-
dergoes a continuous transition which occurs even in the
presence of a single bosonic mode as shown in Fig.1(c). In
the absence of bath degrees, substituting λk = 0 in Eq.20,
we recover the Josephson oscillation frequency[10],
ωJJ = E0/~ =
√
J(J + U)/~. (24)
Within HP method, we can also calculate the quantum
fluctuations in the vicinity of the critical point. For the
ground state satisfying the relation qβ |0〉 = 0, we can
obtain the quantum correction to the classical energy
ε = 〈0|H2|0〉. Near the quantum phase transition, en-
ergy due to quantum fluctuation diverges as ε ∼ 1/√∆E ,
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FIG. 1. Quantum phase transition by tuning dissipative cou-
pling γ+ for fixed interaction strength U = 0.2. (a) Bifurca-
tion diagram of imbalance fraction z showing quantum phase
transition. (b) Spin fluctuation for single bath mode (solid
line) and multi-modes (dashed line) near the critical point.
Excitation energies (c) for single bath mode with ω0 = 2 and
(d) for five modes where frequencies and coupling constants
are chosen according to Eq.40 with Ω = 5. Vanishing of en-
ergy gap confirms quantum phase transition. All energies are
in units of J.
where ∆E is the energy gap. Also the spin fluctuation
χ = 〈Sˆ2z 〉 − 〈Sˆz〉2 related to the fluctuation of number
imbalance in BJJ can be calculated from the expression,
χ =
S
2
sin2 θ + S sin2 θ(
∑
β
|A¯0β |2 +
∑
β
A0βA¯0β)
−(
∑
β
|A¯0β |2)2 cos2 θ (25)
Which also diverges as ∼ 1/√∆E near the quantum crit-
ical point as shown in Fig.1(b). In the next section, we
consider the out of equilibrium dynamics of Josephson
oscillation in presence of bath degrees.
III. DYNAMICAL EQUATIONS AND STEADY
STATES
In this section, we study the dynamics of BJJ and dissi-
pative effects induced by coupling it to the bosonic bath.
The collective dynamics of a BJJ can be well described by
time dependent variational principal[41]. Since the BJJ
is described by a spin Hamiltonian of a large spin S  1,
a spin coherent state is the natural choice for the varia-
tional wavefunction to study its dynamics. For BJJ cou-
pled to the bosonic modes described by the Hamiltonian
Eq.5, we consider following time dependent variational
5wavefunction,
|Ψ(t)〉 = |µ(t)〉
∏
k
|αk(t)〉 (26)
where |µ〉 is the spin coherent state and |αk〉 is coherent
state of the bosonic bath mode with momentum index k,
|µ〉 = (1 + |µ|2)−S exp (µSˆ−)|Sz = S〉, (27)
|αk〉 = 1√
pi
exp (−1
2
|αk|2) exp (αk cˆ†k)|0〉. (28)
The complex parameter of the spin coherent state can be
written as µ = tan(θ/2)eıφ representing the orientation of
the classical spin ~S = (S sin θ cosφ, S sin θ sinφ, S cos θ)
[42]. For coherent states of the bath modes, αk have usual
classical phase-space representation[42]. Time dependent
coherent state ansatz can also capture the dynamics of
spin-boson system[43]. In time dependent variational ap-
proach (TDVA)[41], the Lagrangian of the corresponding
classical variables can be constructed from the relation,
L(µ(t), {αk(t)}) = 〈Ψ(t)|ı~ ∂
∂t
− Hˆ|Ψ(t)〉
= S
[
zφ˙+
∑
k
(p˙kqk − q˙kpk) + J
√
1− z2 cosφ− U
2
z2
−z
2
∑
k
λkqk − 1
2
∑
k
(p2k + q
2
k)~ωk +
γ−
2
z
]
(29)
Where we have defined the canonical momentum z =
cos θ corresponding to the relative phase φ between the
condensates in BJJ. Scaled dimensionless canonically
conjugate variables of the oscillator modes are given as,
qk =
(αk + α
?
k)√
2S
, pk = −ı (αk − α
?
k)√
2S
(30)
From the Euler-Lagrange equation ddt (
∂L
∂Q˙
) − ∂L∂Q = 0 of
the collective variables Q = {z, φ, qk, pk}, one can arrive
at the following set of equations of motion,
z˙ = −J
√
1− z2 sinφ (31a)
φ˙ = J
z√
1− z2 cosφ+ Uz −
γ−
2
+
∑
k
λk
2
qk (31b)
q˙k = pk~ωk (31c)
p˙k = −λk z
2
− qk~ωk (31d)
From the equation of motion of the classical collective
coordinates, we study different oscillation modes of the
BJJ and dissipative dynamics in the subsequent sections.
First we analyze the steady states and their stability of
the dynamical equations. Steady states can be obtained
by setting LHS of Eq.31a-31d to be zero and are denoted
by {φ¯, z¯}. Here we classify the steady states according to
the value of the relative phase φ¯ = 0 or φ¯ = pi. As men-
tioned earlier, for the ground state φ¯ = 0. Similarly the
steady state value of imbalance z¯ satisfies the following
equation,
(J cos φ¯+
√
1− z¯2U˜)z¯ − γ−
2
√
1− z¯2 = 0. (32)
For γ− = 0, when U˜ = U − γ+/4 < 0, the ground
state corresponding to φ¯ = 0 undergoes the quantum
phase transition above γ+c = 4(U + J) for sufficiently
strong coupling to the bath modes. On the other hand
when U˜ > 0, the steady state with φ¯ = pi exhibits a
dynamical symmetry breaking above the critical interac-
tion strength U˜0 = J . In both cases, the imbalance factor
shows a bifurcation from z¯ = 0 to z¯ = ±
√
1− J2/|U˜ |2
as a result of symmetry breaking. It is important to note
that for symmetry broken case with non vanishing im-
balance (or magnetization), the bath oscillators are also
shifted by an amount q¯k = −λkz¯/2~ωk. This phenomena
is also associated with the phase transition in spin-boson
system[45] and in the Dicke model[46].
Next we perform linear stability analysis of the steady
state solutions and obtain the frequency of small am-
plitude oscillations. Around the steady states, the dy-
namical variables can be written as Q(t) = Q¯ + δQeıωt,
and the eigen-frequencies ω of the fluctuations δQ can
be obtained from the linearized equation of motion. The
small amplitude oscillation frequencies around the steady
states {φ¯, z¯} can be obtained from the equation,
ω2 =
J2
(1− z¯2) +
(
UJ +
J
4
∑
k
λ2kωk
ω2 − ω2k
)√
1− z¯2 cos φ¯.
(33)
It is important to note that these small amplitude oscil-
lation frequencies exactly match with the collective exci-
tation frequencies Eβ/~ in Eq.20 obtained from HP ap-
proximation. This agreement indicates the correctness
of the time dependent variational analysis used for large
spin system.
In absence of bath modes, we recover the known
Josephson oscillation frequencies for different steady
states by substituting λk = 0 in Eq.33. Quantum phase
transition is absent for the ground state with {φ¯ = 0, z¯ =
0} and the normal ac Josephson oscillation has frequency
ωJJ =
√
J(J + U)/~. The oscillation around the steady
state {φ¯ = pi, z¯ = 0} is known as Pi-oscillation mode
which has frequency,
ωpi =
√
J(J − U)/~. (34)
This Pi-oscillation becomes unstable above a critical in-
teraction strength Uc = J and a symmetry broken ‘self-
trapped’ state appears with imbalance z¯ 6= 0. The os-
cillation frequency around the self-trapped state is given
by,
ωst = U
√
1− J2/U2/~. (35)
Above dynamical states, particularly the self-trapped
state of BJJ arises due to interactions and have also been
6observed in experiments[9]. In next section, we inves-
tigate the fate of such metastable dynamical states in
presence of bosonic modes.
IV. BJJ COUPLED TO A SINGLE MODE
To gain more insight, we first analyze the dynamics of
BJJ coupled to a single bosonic mode with frequency ω0
and coupling constant λ. In this case, the model in Eq.5
becomes a generalization of Dicke model[44] with an ad-
ditional interaction term. This model can describe the
dynamics of BJJ in presence of cavity mode. The steady
states and small amplitude oscillation frequencies can be
obtained from Eq.32 and Eq.33. As mentioned earlier,
we can categorize the steady states by the relative phase
φ¯ = 0 (ground state) and φ¯ = pi (dynamical branch). For
γ− = 0, in absence of any symmetry breaking field both
the branches of steady states exhibits symmetry break-
ing corresponding to two different physical phenomena.
Interestingly, even for single mode the ground state of
BJJ undergoes quantum phase transition when γ+ > γ+c
given in Eq.23 and the symmetry breaking in imbalance
fraction z¯ is represented by the bifurcation of steady
states as shown in Fig.1(a). Whereas, the other branch
with φ¯ = pi undergoes dynamical transition above a crit-
ical repulsive interaction strength Uc = J + γ+/4, as dis-
cussed in previous section. Using Eq.33, the frequencies
of small amplitude oscillations around the steady states
with φ¯ = 0, pi, can be calculated analytically. For the
symmetry unbroken phase, the frequencies can be writ-
ten as,
ω2 =
1
2
[
ω20 + ω
2
su ±
√
(ω20 − ω2su)2 + ω20Jγ+ cos φ¯
]
(36)
where ω2su = J(J+U cos φ¯). For symmetry broken phase,
the excitation frequencies are given by,
ω2 =
1
2
[
ω20 + ω
2
sb ±
√
(ω20 − ω2sb)2 +
ω20
|U˜ |J
2γ+ cos φ¯
]
(37)
where, ω2sb = U˜
2 + UJ2 cos φ¯/|U˜ |. For both the tran-
sitions, the lowest mode frequency vanishes as ∼ (|U˜ −
U˜c|)1/2 at the critical point.
In presence of asymmetry γ− 6= 0, the nature of transi-
tion changes and symmetry breaking is absent. Imperfect
bifurcation of the steady state with imbalance fraction
z¯ is depicted in Fig.2(a) and (b) for different values of
γ+. Absence of imaginary part of the frequencies ω en-
sures dynamic stability of corresponding steady states.
For both types of transition, the lowest frequency corre-
sponding to the continuous branch of steady state does
not vanish, instead it reaches a minimum near the transi-
tion. On the other hand, the frequency corresponding to
the stable isolated symmetry broken branch vanishes at
the point where this steady state ends. This phenomena
is similar to the spinodal point in first order transition.
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FIG. 2. Steady states and their stability in presence of weak
asymmetry γ− = 0.1 and for single bath mode with ω0 = 3.0.
Stable (unstable) branches are denoted by solid (dotted) lines
(a) for weak dissipative coupling γ+ = 0.75γ+c and (b) for
strong dissipative coupling γ+ = 2.0γ+c showing QPT. (c)
Lowest excitation energy corresponding to the stable steady
state as shown in (a) for φ¯ = pi. (d) Same as (c) corresponding
to stable steady state as shown in (b) for φ¯ = 0. In (c)
and (d) solid dotted line represents continuous branches. For
imperfect bifurcation, the gap does not vanish for continuous
branches.
Interestingly, the dynamical steady with φ¯ = pi be-
comes dynamically unstable within certain interval of in-
teraction strength U as shown in Fig.3(a). Physically this
signify the dynamical instability of Pi-oscillation mode
and self-trapped state when their frequency of oscillations
are in resonance with the bath mode. As a consequence
0 0.5 1 1.5
U/Uc
0.5
1
1.5
ω
0.94 0.945 0.95
z
0.98
1
1.02
ϕ/π
(a) (b)
FIG. 3. (a) Oscillation frequencies ω corresponding to the
steady state with φ¯ = pi in presence of single mode with
ω0 = 0.5 and γ+ = 0.01γ+c showing dynamic phase tran-
sition at U = Uc. Real (imaginary) part of ω is denoted by
solid (dashed) lines. In the plot imaginary part of ω is scaled
by 10 times. (b) Phase space trajectory within the instability
region for U = 2.91Uc, ω0 = 3.0 and γ+ = 0.02γ+c.
of this instability, the closed orbits near the fixed point
becomes unstable and spiral out from the fixed point as
7seen from Fig.3(b). The Pi oscillation becomes unstable
within the region ω20 − ω0
√
Jγ+ < ω
2
su < ω
2
0 + ω0
√
Jγ+
and within the range ω20 − ω0
√
J2γ+/|U˜ | < ω2sb <
ω20 +ω0
√
J2γ+/|U˜ | the self trapped state is dynamically
unstable. This phenomena can be tested in experiment
by coupling the BJJ with a cavity mode of appropriate
frequency.
z z
(a) (b)
FIG. 4. Phase portraits showing QPT in presence of single
bath mode. (a) Symmetry unbroken phase with γ+ = 0.75γ+c
and (b) symmetry broken phase with γ+ = 1.16γ+c. For both
figures, U = 0.2 and ω0 = 3.0.
To understand the dynamical behaviour, we analyze
the phase-space trajectories in φ−z plane by solving full
dynamical equations Eq.31a-31d. The phase space tra-
jectories before and after the quantum phase transition
are shown in Fig.4(a) and (b), where the closed orbits
represents small amplitude oscillation around the sta-
ble fixed points. After the transition appearance of two
fixed points represents possible symmetry broken ground
states. The closed orbits at φ = pi represents dynamically
stable Pi oscillation.
To investigate the fluctuations induced by the bath
mode in the dynamics of BJJ, the initial coordinates of
the bath mode {p, q} are randomly chosen from a Gaus-
sian distribution with energy fluctuation ∆ around the
fixed points. When the phase portraits of BJJ coupled
to a single mode is compared with that of an isolated
BJJ (see Fig.5), a diffusive behaviour in the phase space
trajectories is observed due to the fluctuation of the bath
modes. Near the quantum phase transition when BJJ is
strongly coupled to the bosonic mode, the regular phase
space trajectories around the fixed points shrinks and
most of the region of the phase portrait in Fig.4 ex-
hibits chaotic behaviour. Such chaotic behaviour has also
been observed in the dynamics of Dicke model indicat-
ing thermalization[47]. Ergodicity in BJJ has also been
investigated in[48]. However, ergodicity and thermaliza-
tion in this model is beyond the scope of present discus-
sion and requires more detailed analysis. We expect high
entanglement near the quantum phase transition may
lead to chaotic dynamics and incoherent Josephson os-
cillation which is reflected in the phase portrait. Loss of
phase coherence due to the bath modes is investigated in
(a) (b)
(c) (d)
z z
z z
FIG. 5. Phase portraits showing dynamic phase transition in
BJJ without(a,c) and with(b,d) single bath mode. (a) Sym-
metry unbroken phase with U = 0.2Uc and (c) symmetry
broken phase with U = 1.2Uc in absence of bath mode. (b)
Symmetry unbroken phase with U = 0.41Uc and (d) symme-
try broken phase with U = 1.25Uc in presence of single mode
with γ+ = 0.2, ω0 = 3.0 and ∆ = 0.1.
next section.
V. BJJ COUPLED TO OHMIC BATH
In this section we discuss excitation spectrum and dis-
sipative dynamics of Bose Josephson junction coupled to
a bath containing many bosonic modes. Typically a bath
is modeled by bosons with continuous energy spectrum
up to certain cutoff energy larger than the energy scale
of the system. The coupling strength, spectral density
and temperature of the bath play crucial role in dissipa-
tive dynamics of the system coupled to it. The spectral
density of the bath is defined as,
J (ν) =
∑
k
λ2kδ(ν − ωk). (38)
Here we consider Ohmic bath spectral density,
J (ν) = α
′νν2c
ν2 + ν2c
θ(Ω− ν), (39)
where θ(x) is Heaviside step function, α′ is the coupling
constant and Ω is the cutoff frequency of the bath. Here
νc is a parameter related to the memory effect. For
ν  Ω, νc, the spectral density follows J (ν) ∼ α′ν corre-
sponding to Ohmic bath[1]. For the purpose of numerical
calculations, we consider Ns number of equispaced bath
modes up to the cutoff frequency Ω, so that the bath
8frequencies and coupling constants are given by,
ωn = ∆n; λ
2
n = J (ωn)∆, (40)
where n = 0, 1...Ns and ∆ = Ω/Ns is the spacing be-
tween energy levels. According to this discretization, the
effective coupling constant for dissipation can be written
in terms of the spectral density as,
γ+ =
∑
n
λ2n
~ωn
=
∫ Ω
0
J (ν)
~ν
dν (41)
which reduces to γ+ = α
′νc/~ tan−1 Ωνc for the spectral
density given in Eq.39.
First we investigate the frequency of Josephson oscil-
lation in the presence of few discrete bath modes for two
types of steady states discussed in section III. The exci-
tation spectrum of the ground state with relative phase
φ¯ = 0 is shown in Fig.1(d). The lowest energy mode
vanishes at the quantum phase transition. Bath modes
remains unaffected except near the avoided level cross-
ing. For this branch of steady state all frequencies are
real, which ensures the stability of the ground state. We
compute the excitation spectrum corresponding to the
steady state with φ¯ = pi. In this case, the lowest branch
of excitation also vanishes at U˜c signifying the dynamical
transition between Pi-oscillation and self-trapped state
with z¯ 6= 0. However as observed for single mode, the
excitation frequencies are not real always and pick up an
imaginary part in the region where the crossing of energy
levels occur as indicated by vertical dotted lines in Fig.6.
0 1 2 3 4
U
1
2
3
4
ω
FIG. 6. Excitation frequencies corresponding to the steady
state with φ¯ = pi in presence of five bath modes exhibiting
dynamic phase transition at U = Uc = 1.04 where energy gap
vanishes. Dynamically unstable regions of the steady state are
demarcated by vertical dotted lines. Bath modes are chosen
according to Eq.40, with Ω = 3 and α = 0.08.
Appearance of complex frequencies indicate dynami-
cal instability of Pi-oscillation and self-trapped states in
these parameter regions. This is an interesting effect aris-
ing due to the coupling with the bath modes which can
be detectable in experiments.
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FIG. 7. Dynamics of BJJ in presence of Ohmic bath. Time
evolution of number imbalance fraction z for U = 0.5 corre-
sponding to (a) normal Josephson oscillation for weak dissi-
pative coupling α = 0.35αc and (b) symmetry broken phase
with α = 1.67αc. Decay from (c) steady state corresponding
to Pi-oscillation for U = 0.31Uc and (d) self-trapped state for
U = 1.45Uc. Parameters used for numerical simulation with
Ns = 200 bath modes are Ω = 10, νc = 8 and ∆ = 0.1.
Next, we study the fate of different types of Josephson
oscillations in the presence of dissipation arising from a
bath of quasi-continuous modes. The dynamical equa-
tions Eq.31a-31d are time evolved from a suitably cho-
sen initial condition for large number of bath modes
with spectral density given in Eq.40. Typical parame-
ters chosen for simulation are Ns = 160, ~Ω/J = 10 and
~ωc/J = 1. Initial coordinates of the bath oscillators
{pi, qi} are chosen randomly from a Gaussian distribu-
tion around an appropriate steady state value so that
each bath mode has average energy ∆ due to the fluc-
tuations. In this way we can incorporate quantum as
well as thermal fluctuations in the dynamics[49], however
away from the quantum critical point, the quantum fluc-
tuation is small for large spin system (equivalently with
large number of bosons), since ~eff ∼ 1/S. The time
evolution of the dynamical variables of the BJJ z(t) and
φ(t) are obtained after ensemble averaging of Nen ∼ 103
number of initial realization of the bath variables describ-
ing equilibrium state of the bath. To avoid the revival
due to discretization of bath frequency, the time evolu-
tion is restricted up to a time scale ≤ 2pi/∆.
The dynamics of imbalance fraction around the steady
state z¯ = 0, φ¯ = 0 in presence of weak dissipation is
shown in Fig.7(a). Dissipative environment gives rise
to damping in Josephson oscillations and the imbalance
fraction eventually relaxes to its steady value z = 0. It
is known that coupling to Ohmic bath introduces damp-
ing γD ∼ α′ in the Markovian limit[23]. On the other
hand, in the strong coupling regime with γ+ > γ+c, the
9imbalance fraction quickly saturates to symmetry broken
steady state signifying the quantum phase transition (see
Fig.7(b)).
Both the Pi-oscillations and self-trapped states are
very unique in nature since they arise dynamically in an
isolated BJJ as a result of inter atomic interactions. Fate
of such metastable states in the presence of dissipation
is a pertinent issue. For Pi-oscillation, we consider the
initial state of the Josephson junction close to the steady
state with z¯ = 0,φ¯ = pi and study the dynamical evolu-
tion of the relative phase φ under the influence of bath
modes. In dissipative environment, this metastable state
becomes unstable and decays to the ground state with
φ = 0, as a result the value of cosφ changes from -1 to 1
as shown in Fig7(c). Similarly the imbalance fraction z
of an initially prepared self-trapped state with z 6= 0 also
vanishes in dynamical evolution indicating relaxation to
the ground state (as shown in Fig.7(d)). Both the Pi-
oscillation and self-trapped state corresponding to the
metastable steady state with φ¯ = pi do not survive under
dissipative dynamics and relax to the ground state by
exchanging energy with the bosonic bath.
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FIG. 8. (a) Phase fluctuation and (b) fluctuation of imbalance
fraction as a function of temperature of the Ohmic bath for
different values of α. Parameters used are U = 0.5 < Uc,
Ω = 10, νc = 8 and Ns = 200.
Apart from dissipative dynamics and relaxation phe-
nomena, fluctuation phenomena related to the loss of co-
herence in Josephson dynamics is another important ef-
fect arising due to the presence of heat bath. The relative
phase φ between the condensates in two sites of the BJJ
is the relevant dynamical variable describing the coherent
Josephson oscillation. Fluctuation in relative phase φ is
introduced by the dissipative environment and expected
to increase with temperature leading to a loss of coher-
ence. This phase diffusion phenomena can be quantified
from the average value of cosφ since 〈cosφ〉 ≈ e−〈φ〉2/2.
Here we study the phase fluctuation in the BJJ coupled
to the bosonic bath from ensemble averaging of cosφ af-
ter the system is evolved sufficiently long time. To in-
corporate thermal effect, we consider the bosonic bath
is in equilibrium at temperature T , so that the average
energy fluctuation of each classical bath mode {pi, qi}
follows equipartition ∆ = kBT . In Fig.8(a), tempera-
ture dependence of phase fluctuation is shown in terms
of 〈cosφ〉. With increasing temperature phase fluctu-
ation increases, as a result 〈cosφ〉 decreases from one.
This result captures the essential features of the experi-
mentally observed temperature dependence of the phase
fluctuation[13]. However in the present model, the phase
fluctuation also depends on the coupling strength α′ of
the heat bath. For the symmetry broken ground state
with strong dissipative coupling γ+ > γ+c, the phase fluc-
tuation also increases as depicted in Fig.8(a), although
the variation with the coupling strength is not very sig-
nificant. In a similar manner, we calculate the thermal
fluctuation of imbalance fraction χT = 〈cos2 θ〉− 〈cos θ〉2
shown in Fig.8(b). Above the critical coupling γ+c, the
imbalance fluctuation χT exhibits a peak which is remi-
niscence of quantum phase transition.
VI. CONCLUSIONS
In this work, we study the effect of dissipation on
Bose Josephson junction with two sites connected to two
bosonic baths. The BJJ can effectively be described by
a large spin system with anti-ferromagnetic interaction
coupled to a single bath. A ferromagnetic interaction
generated due to the bosonic modes leads to a quantum
phase transition above a critical dissipative coupling. In
the symmetry broken phase, the BJJ has nonzero number
imbalance between the two sites. To analyze the quan-
tum phase transition, the excitation spectrum and spin
fluctuations (equivalently fluctuation in number imbal-
ance) are calculated within Holstein-Primakoff approxi-
mation. At the critical point, the energy gap vanishes
and quantum fluctuations show divergent behaviour. We
analyze dynamics of the system within TDVA in terms
of the collective coordinates of the coherent states. From
the dynamical equations, we obtained the ground state as
well as dynamical steady states related to Pi-oscillation
and self-trapped state. We perform linear stability analy-
sis to obtain the frequencies of small amplitude oscillation
around the steady states. As a special case, the dynam-
ics of BJJ coupled to a single bosonic mode is analyzed
in details. Unlike the spin-boson model, in this case even
a single mode can lead to the quantum phase transition
with vanishing of energy gap. Interestingly, the dynami-
cal steady state becomes unstable near the region where
the frequency of oscillation is in resonance with the bath
mode leading to a dynamical instability of self-trapped
state and Pi-oscillation. This phenomena also persists for
bath containing multi-mode and more unstable regions
in the dynamical steady state appear. We also investi-
gate the phase space trajectories of Josephson dynamics
including small fluctuations in the bath mode. Appear-
ance of chaotic regions in phase portrait in the vicinity of
quantum phase transition indicates incoherent Josephson
oscillation and entropy generation due to strong coupling
with the bath mode. Such complex dynamics can be ob-
served experimentally by coupling the BJJ with one or
few cavity modes.
10
For BJJ coupled to realistic Ohmic bath with large
number of modes, we perform numerical simulation to
study Josephson dynamics incorporating thermal fluctu-
ations in the bath modes. For weak coupling with the
bath, the Josephson oscillation of the imbalance frac-
tion shows damping and relax to the ground state as
a result of dissipation. On the other hand, above the
critical coupling with the bath, the number imbalance
quickly saturates to a non vanishing value corresponding
to the new symmetry broken ground state. This is a clear
manifestation of symmetry breaking controlled by dissi-
pation. The dynamical steady states corresponding to
the Pi-oscillation and self-trapped states become unsta-
ble when BJJ is coupled to the bosonic bath and during
time evolution they eventually relax to the ground state
by exchanging energy with the bath modes. This is a
significant effect of dissipation which can be tested in ex-
periment. Dissipative environment plays a crucial role in
phase coherent Josephson oscillation since the fluctuation
of relative phase is enhanced by the bath modes. The
temperature dependence of phase fluctuation is calcu-
lated in the presence of thermal bath which captures the
experimentally observed behaviour. We also calculate
temperature dependence of imbalance fluctuation which
exhibits signature of quantum phase transition above the
critical coupling.
In summary, we studied effects arising from dissipa-
tion in a Bose Josephson junction coupled to a bosonic
bath; among them most spectacular effect is the quan-
tum phase transition to a state with finite number im-
balance. In addition, the change in oscillation frequen-
cies, relaxation dynamics, instability of Pi oscillation and
self-trapped states and fluctuation in number imbalance
are experimentally observable effects of dissipation. In
experiments, BJJ has been realized by creating a con-
densate in double well trap and bosonic bath can be en-
gineered by coupling the condensate with thermal Bose
gas or by coupling it to another condensate where the
phonon excitations can play the role of bosonic modes.
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